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Abstract We obtain Schroedinger quantum mechanics from Perelman's functional and 
from the Ricci flow equations of a conformally flat Riemannian metric on a closed 2- 
dimensional configuration space. We explore links with the recently discussed emer- 
gent quantum mechanics. 

1 Introduction 

The Ricci flow has provided many far-reaching insights into long-standing problems 
in topology and geometry (for an introduction to the Ricci flow and its applications 
see, e.g., ref. Il22l ). Perhaps more surprising is the fact that it also has interesting ap- 
plications in physics, one of its first occurrences being the low-energy effective action 
of string theory. Recent works [4 6| have shed light on applications of the Ricci flow 
to foundational issues in quantum mechanics (see also refs. i2l[3H71[8ll9l [T0ll ). In this 
paper we will establish a 1— to— 1 relation between conformally flat metrics on config- 
uration space, and quantum mechanics on the same space (see refs. 0] for the role 
of conformal symmetry in quantisation). This will be used to prove that Schroedinger 
quantum mechanics in two space dimensions arises from Perelman's functional on a 
compact Riemann surface. Ricci-flow techniques will also be useful to analyse yet 
another application beyond the 2-dimensional case. Namely, certain issues in quantum 
mechanics and quantum gravity that go by the name of emergent quantum mechanics 
EH [H US EH 123 EQ , to be made precise in section 



2 A conformally flat space 

Let us consider a 2-dimensional, closed Riemannian manifold M. In isothermal coor- 
dinates x, y the metric reads 

9ij = e~ f Sij, (1) 
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where / = f(x,y) is a function, hereafter referred to as conformal factor. The volume 
element on M equal^] 

y/g dxdy = c^-^dxdy. (2) 

Given an arbitrary function <p(x, y) on M, we have the following expressions for the 
Laplacian \7 2 <p and the squared gradient (Vy>) : 

VV := ^=d m {^gg mn d nV ) = ef (d 2 x <p + 9» =: e>I>V (3) 

(V</?) 2 := . 9 mn c> m <^W = e / [(c^) 2 + (9^) 2 ] =: e / (C^) 2 , (4) 

where D 2 ip and (Dip) 2 stand for the flat-space values of the Laplacian and the squared 
gradient, respectively. The Ricci tensor reads 
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i^ = ^7% = ^V 2 /<%- (5) 

From here we obtain the Ricci scalar 

R = e f D 2 f = V 2 /. (6) 

A manifold M such as that considered here is in fact a compact Riemann surface with- 
out boundary. 



3 Perelman's functional 

For an introduction to the Ricci flow and its applications, a good reference is 
Perelman's functional J-[ip, gij] on the manifold M is defined as 

F[p,9ij] ■= j dxdyy/ge^ (V</j) 2 + R{gij) 
Ju 1 



(7) 



where g^ is a metric on M and ip a real function on M. We will take the above equation 
as our starting point. It may be regarded physically as providing an action functional, 
on configuration space M, for the two independent fields g^ and <p. Now some aspects 
of the functional T\<p,gij\ are worth mentioning. Setting <p = identically we have 
the Einstein-Hilbert functional for gravity on M. Admittedly Einstein-Hilbert gravity, 
being a boundary term in n = 2 dimensions, is trivial in n = 2 dimensions. However 
the generalisation of 2-dimensional gravity provided by the functional J-[p, g^] when 
(p ^ is interesting. Indeed, Perelman's functional arises in string theory as the low- 
energy effective action of the bosonic string ifTTl . 

We first compute the Euler-Lagrange extremals corresponding to the fields g^ and 
(p. Next we set the equations of motion so obtained equal to the first-order time deriva- 
tives of g^ and ip, respectively. This results in the two evolution equations 

^ = -2(J2 ii + v i v j¥ j) ) ^ = -vV--a (8) 



'Our conventions are g = det gij \ and R lm = g- 1 ' 2 d n (r™ m9 1/2 ) - did m [ing 1 / 2 ) - 1^1^ 
for the Ricci tensor, TV? = g m (digjh + djghi ~ dhdij) /2 being the Christoffel symbols. 
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We stress that the right-hand sides of (0, once equated to zero, are the Euler-Lagrange 
equations of motion corresponding to (0, and that the time derivatives on the left-hand 
sides have been put in by hand. In fact time is not a coordinate on configuration space 
M, but an external parameter. The two equations (0 are referred to as the gradient 
flow of T . Via a time-dependent diffeomorphism, one can show that the set (0 are 
equivalent to 

-2Rij, = -VV + {Vtpf - R. (9) 



dt ~ y ' dt 



We will use (0 rather than (0. 

As already remarked, one advantage of having a 2-dimensional configuration space 
is that all metrics on it are conformal, so we can substitute (0 throughout. By (0 and 
(0, we can express !F\tp, gij) as 



F[tpJ] ~F[tp, gij (f)] = I dxdye-v-f [(V^) 2 + V 2 / 

Ju l 



(10) 



In order to understand the physical meaning of the flow eqns. (0, let us analyse them 
in more detail. Using (0 and (0 we see that the first flow equation, 

l| = - 2 %> (ID 

is equivalent to 

^ = (12) 
This is the usual heat equation, with the important difference that the Laplacian oper- 
ator V 2 is given by (0: indeed M is not flat but only conformally flat. So conformal 
metrics on the (curved) manifold M evolve in time according to the heat equation wih 
respect to the corresponding (curved) Laplacian. The second flow equation in (0 will 
be the subject of our attention in what follows. 

So far, the conformal factor / and the scalar tp have been considered as independent 
fields. Setting now tp = / in (TTOb we obtain 



T[f] :=F[<p = fJ]= f dxdye' 2 * [(V/) 2 + V 2 / 
Ju 1 



(13) 



After setting ip = f we appear to have a contradiction, since we have two different flow 
equations in (0 for just one field /. That there is in fact no contradiction can be seen as 
follows. In (0 we have two independent flow equations for the two independent fields 
/ and tp. Equating the latter two fields implies that the two flow equations must reduce 
to just one. This can be achieved by substituting one of the two flow eqns. (0 into the 
remaining one. By (0 and (TT~2T > we have R = df /dt, which substituted into the second 
flow equation of (0 leads to 
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We will later on find it useful to distinguish notationally between the time-independent 
conformal factor /, as it stands in the functional (13[ , and the time-dependent confor- 
mal factor as it stands in the flow equation ( TPfl i. We therefore rewrite (fT4l ) as 

where a tilde on top of a field indicates that it is a time-dependent quantity. 



4 The dictionary 

In what follows we will regard the manifold M as the configuration space of a me- 
chanical system, to be identified presently. We will establish a 1-to-l correspondence 
between conformally flat metrics on configuration space M, and (classical or quantum) 
mechanical systems on M. Let us consider classical mechanics in the first place. We 
recall that, for a point particle of mass m subject to a time-independent potential U, 
the Hamilton-Jacobi equation for the time-dependent action S reads 



dS_ J_ /„ -\ 2 



^-(vsY + U = 0. (16) 

It is well known that, separating the time variable as per 

S = S-Et, (17) 

with S the so-called reduced action, one obtains 

-L(VS) 2 + U = E. (18) 
Zm 

Eqn. (T% suggests separating variables in il5[ as per 

f = f + Et, (19) 

where the sign of the time variable is reversec@ with respect to (fTTT i. Substituting ( fT9l 
into (l5[ leads to 

\ (V/) 2 - iv 2 / = E. (20) 

Comparing d20l i with ( fT8l we conclude that, picking a value of the mass m = 1, the 
following identifications can be made: 

S = f, U = -U/ 2 ! = -\r. (21) 

So the potential U is proportional to the scalar Ricci curvature of the configuration 
space M, while the reduced action S equals the conformal factor /. This concludes the 



2 This time reversal is imposed on us by the time-flow eqn. \15\ , with respect to which time is reversed 
in the mechanical model. This is just a rewording of (part of) section 6.4 of ref. 1221 , where a corresponding 
heat flow is run backwards in time. 
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first half of our dictionary: to construct a classical mechanics starting from a conformal 
metric on M. 

Conversely, if we are given a classical mechanics as determined by an arbitrary 
potential function U on M, and we are required to construct a conformal metric on M, 
then the solution is given by the function / satisfying the Poisson equation — 2U — 
V 2 /, where the Laplacian is computed with respect to the unknown function /. 

Although we have so far considered the classical mechanics associated with a given 
conformal factor, one can immediately construct the corresponding quantum mechan- 
ics, by means of the Schroedinger equation for the potential U. We can therefore restate 
our result as follows: we have established a 1-to-l relation between conformally flat 
metrics on configuration space, and quantum-mechanical systems on that same space. 



5 Discussion 

Let us summarise our results. We have considered a conformally flat Riemannian met- 
ric on a closed 2-dimensional manifold M, and regarded the latter as the configuration 
space of a classical mechanical system. We have formulated a dictionary between such 
conformal metrics, on the one hand, and quantum mechanics on the same space, on the 
other. This dictionary has a nice geometrical interpretation: the reduced mechanical ac- 
tion S equals the conformal factor /, and the potential function U is (proportional to) 
the Ricci curvature of M. It is interesting to observe that the Ricci scalar as a potential 
function has also arisen in |fT71 [181 [191 . 

The previous correspondence can be exploited further: we will exchange a con- 
formally flat metric for a wavefunction satisfying the Schroedinger equation for the 
potential U. We first observe that the Schroedinger equation itself can be obtained as 
the extremal of the action functional 

Sty, r\ ■= f dxdyV5 (V^ ~ ^ V ^* VVj ~ Ui, *A ■ (22) 



Pick m = 1 as before, and substitute 



ip = e ;/ (23) 



into d22j to obtain -d t f - ^(V/) 2 + |V 2 / within the integrand. As before, let us 
consider the stationary case, where dtf = and / becomes /. Then d22l turns into 



S[f] :=S[1> = e"] = \( dxdye-f [-(V/) 2 + V 2 /] 
* Ju 



(24) 



Comparing the functionals (fT3l and (124-b we arrive at the following interesting relation: 

F[f/2}=S[f] + ~lC{f}, (25) 



where 



K[f] :=i / dzdye"' (V/) 2 (26) 
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is the kinetic energy functional on M. In T [f/2] above, the Laplacian V 2 / and the 
squared gradient (V/) 2 are computed with respect to the conformal factor /, even 
though the functional T is evaluated on f/2. Thus, on a compact Riemann surface 
without boundary, the Schroedinger functional S [/] turns out to be a close cousin of the 
Perelman functional T\f j2\. Altogether we have proved that Schroedinger quantum 
mechanics on a 2-dimensional, compact configuration space arises from Perelman's 
functional. 

Recent works J2l |4l [5] [6] |7J [8j [9] have shed light on applications of conformal 
symmetry and the Ricci flow to foundational issues in quantum mechanics. In this pa- 
per we have established a 1-to-l correspondence between conformally flat metrics on 
configuration space, and quantum mechanics on that same space. This correspondence 
has been used to prove that Schroedinger quantum mechanics in two space dimensions 
arises from Perelman's functional on a compact Riemann surface. 

We have worked in the 2-dimensional case for simplicity. Now Perelman's func- 
tional arises in string theory as the low-energy effective action of the bosonic string 
ATI . In view of these facts it is very tempting to try and interpret quantum mechanics 
itself, in any number of dimensions, possibly also noncompact, as some kind of effec- 
tive, low-energy approximation to some more fundamental theory. Related ideas have 
been put forward in the literature Ifl2l [131 |20l |2"D . where standard quantum mechan- 
ics has been argued to emerge from an underlying deterministic theory. Basically, in 
emergent quantum mechanics, one starts from a deterministic model and, via some dis- 
sipative mechanism that implements information loss, one ends up with a probabilistic 
theory. Several mechanisms implementing information loss have been proposed in the 
literature. Thus, in ref. Il20l . dissipation is effected by an attractor on phase space, 
which produces a lock-in of classical trajectories around some fixed point; instead, in 
ref. |[T3l dissipation arises as a coarse-graining of classical information via a probabil- 
ity distribution function on phase space. A somewhat different dissipative mechanism, 
based on the Ricci flow equation dTTb . has been put forward in ref. |[T6l . 

Some features of emergent quantum mechanics are present in our picture. Most 
notable among them is the presence of dissipation, or information loss: as remarked 
above, this underlies the passage from a classical description to a quantum description. 
Indeed, in our setup, the classical description is provided by the conformal factor / of 
the metric gtj on configuration space, while the quantum description is given by the 
wavefunction ip = e'A The latter contains less information than the former, as there 
exist different conformal factors / giving rise to just one quantum wavefunction tjj. 
This situation is analogous to that described in ll20ll2~Tl . in which quantum states arise 
as equivalence classes of classical states: different classical states may fall into one 
and the same quantum equivalence class. Beyond the trivial case of any two conformal 
factors fx and fa differing by 2ir times an integer, there is the more interesting case 
of fx and fa satisfying V 2 /i = V^fa, where the subindices 1, 2 refer to the fact that 
the corresponding Laplacians are computed with respect to the conformal factors fx 
and fa, respectively. If M is such that the Laplace-like equation V?/i — V2/2 = 
admits nontrivial solutions, then any two such fx and fa (different classical states) fall 
into the same quantum state, as both fx and fa give rise to the same potential function 
-2U = VfA = V|/ 2 . 

Another feature of emergent quantum mechanics that is present in our picture is the 
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following. In refs. Ifl2l l20l |2T | it has been established that to every quantum system 
there corresponds at least one deterministic system which, upon prequantisation, gives 
back the original quantum system. In our setup this existence theorem is realised alter- 
natively as follows. Let a quantum system possessing the potential function V be given 
on the configuration space M, the latter satisfying the same requirements as above. Let 
us consider the Poisson equation on M, V v /y = — 2V, where fy is some unknown 
conformal factor, to be determined as the solution to this Poisson equation, and Vy 
is the corresponding Laplacian. We claim that the deterministic system, the prequan- 
tisation of which gives back the original quantum system with the potential function 
V, is described by the following data: configuration space M, with classical states be- 
ing conformal factors fy and mechanics described by the action functional ( TT3l >. The 
lock-in mechanism (in the terminology of refs. ||201|2T1 ) is the choice of one particular 
conformal factor, with respect to which the Laplacian is computed, out of all possible 
solutions to the Poisson equation on M, Vyfv = —2V. The problem thus becomes 
topological-geometrical in nature, as the lock-in mechanism has been translated into 
a problem concerning the geometry and topology of configuration space M, namely, 
whether or not the Poisson equation possesses solutions on M, and how many. 
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sphysik, Albert-Einstein-Institut (Potsdam, Germany) for hospitality extended over a 
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